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1. INTRODUCTION

Consider a fantasy universe with a non-standard version of quantum mechanics, where the mea-
surement probabilities are not calculated according to the usual Born rule (i.e. square the magni-
tude of probability amplitudes), but according to the p-norm, for some integer p > 2. Aaronson
showed that in universes where the probabilities are calculated according to an even p-norm, for
p > 2, quantum computers acquire great power. Let BQP, be the class of problems solvable on a
polynomial-time quantum computer in such a universe. Aaronson showed that then BQP, = PP.
The analogous situation for our universe (BQP = PP) is believed to be false.

One might ask whether there is any use in contemplating these universes with bizarre physics
- what consequence do these fantasy complexity classes have for the world we care about? In
this note, we prove a statement of the form, “If there’s a fantasy universe where you can do
X, then Y happens in our universe”. Here, X is “You can perform strong error reduction for
quantum computers” (strong error reduction to be defined later) and Y is “The Counting Hierarchy
collapses”. A priori one would not expect the integrity of the Counting Hierarchy to be related to
the accuracy of quantum computers in a fictitious universe, but here we show such a connection.

We believe that studying fantasy quantum mechanics is useful for the same reason we study other
planets: as foreign as Mars or the gas giants or exoplanets may be to us, they yield valuable insight
about Earth. Fantasy quantum mechanics may give an absurd caricature of our “real” universe,
but it does so in such a way as to illuminate aspects of physics or computation that we wouldn’t
have noticed before.

This result is another piece of evidence that quantum information can have applicability beyond
quantum computers; the quantum model of computation has very useful mathematical structure
that can be exploited to make arguments about classical computation.

2. THE MAIN RESULT, IN A NUTSHELL

Originally the author tried to show that BQP,, = PP for all integer p > 2, by modifying Fortnow
and Rogers’s alternative proof of BQP> C PP, which was originally proven by Adleman et al [4][8]
(by BQPy we mean the class of problems solvable by quantum computers with bounded error, in
polynomial time, in our beloved 2-norm universe). Unfortunately, this did not work as planned,
and the reason appears to be that the proof technique requires extremely accurate simulation of
the fantasy quantum machines: the probability of error has to be smaller than the inverse of the
dimension of the Hilbert space the quantum machine lives in (we call this strong error reduction)!
Since the dimension of the Hilbert space is exponential in the number of qubits used by the quantum
machine, this is a very small error probability indeed.

It isn’t a priori impossible that such accurate simulation could be performed. After all, we know
how to amplify the success probabilities of classical randomized machines to be exponentially close
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to 1, by using extra randomness and time. A similar amplification can be done with quantum
machines (even fantasy ones - see the Appendix), but there seems to be a Catch-22: in order to
reduce the error, you could run many copies of the algorithm (either in sequence or in parallel),
but that will increase the size of the Hilbert space, meaning you have to do more error reduction,
which in turn increases the size of the Hilbert space, ad infinitum.

The foregoing argument doesn’t rule out all possible approaches to such strong error reduction,
but we’ll see that complexity theory offers compelling evidence that it’s impossible. The main
result of this note is, informally:

Theorem 1 (Informal). If for even p > 2 all bounded error polynomial-time p-norm quantum
machines admit strong error reduction, then the Counting Hierarchy collapses to the first level

(PPPP" —pP).

Thus, if one believes in the integrity of the Counting Hierarchy, then strong error reduction for
fantasy quantum machines is impossible. There are many results in complexity theory of this form:
If Complexity statement A istrue, then Complexity class hierarchy B collapses. Results like
these are used to indicate that Complexity statement A is probably false, because of the strong
belief that Complexity class hierarchy B is infinite. The most famous result of this type is
the Karp-Lipton theorem, which stated in the contrapositive says unless the Polynomial Hierarchy
collapses to the second level, NP cannot be solved by polynomial-sized circuits [9].

3. BQP,

Notation 1. For notational clarity, instead of writing |||¥)||5 to denote the p-norm of a state vector
raised to the pth power, we will write Np(¥)P. That is, Np(¥) = ||[¥)||p-

Definition 1 (BQP,). Let p be a positive integer greater than 2, and v : N — [0, 1/2) be functions.
Define BQP, () to be the set of languages L such that there exists a positive polynomial m(n),
and a polynomial-time computable family of unitary quantum circuits {Qy(z)} with the following
properties:

Each circuit consists of gates drawn from a finite universal set of quantum gates;
Each circuit has the input = € {0,1}" “hard-coded” in;
Each circuit @, (x) acts on m(n) number of scratch qubits, and 1 output qubit;
For alln € N, z € {0,1}",

— 2 € L = Pr[Qn(z) accepts on input [0)®™(™|0)] > 1 — ~(n)

— z ¢ L = Pr[Q,(x) accepts on input |0)®™™)|0)] < v(n)

We define the probability of the event “Q,(z) accepts on input [0)2™(™)|0)” to be W/N,(¥)?,
where |¥) = Q,(2)]0)®™(|0) (we abuse notation and treat Q,(z) as a unitary operator), and
Uy =2 peqoaymen [((WIADD)IP.

We say that such a family of quantum circuits {Q,,(z)} accepts L, and has success probability of

1 —~(n), or equivalently has error of v(n).
We define BQP,, as BQP,(1/3).

4. COUNTING CLASSES

Fortnow and Rogers gave an alternative, simpler proof to Adleman, et al.’s result that BQP, C PP
[8] (i.e. efficient quantum computation in the standard model of quantum mechanics is computable
by PP), through the use of GapP functions and the complexity class AWPP, which they define in

7).
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Definition 2. A function f : {0,1}* — N is in GapP (or is a GapP function) iff there exists a
polynomial-time nondeterministic Turing Machine M such that for all z € {0,1}*, f(z) is the
number of accepting states minus the number of rejecting states of M on input .

Theorem 2 (Fortnow, Fenner, et al.). A language L is in PP iff there exists a GapP function f
where for all x € {0,1}*:

execL= f(x)>0

e x¢ L= f(x)<O.

Fenner proves a useful characterization of PP-low classes:

Theorem 3 (Fenner). A language L is low for PP if there exists a polynomial-time computable
function d, a GapP function f, such that for all z € {0,1}", and

e el =2< f(a)/d(al) <1
ex¢ L=0< f(x)/d(|z]) <}

Theorem 4 (Fortnow, Rogers). PPBQP2 = PP,

5. THE MAIN RESULT, IN DETAIL

Definition 3. For all integer p > 2, BQP,, admits “strong error reduction” with parameter X iff for
all L € BQP,, there exists a deterministic polynomial-time generated family of quantum circuits
Q = {Qn(z)} with the following properties:
(1) @ accepts L;
(2) Each circuit Q,(x) € @Q uses gates drawn only from Adleman’s Universal Set S (see Ap-
pendix);
(3) Q has error a(n)/3, where a(n) = d(n)~, d(n) being the dimension of the Hilbert space
that Q,(x) acts upon

Theorem 5. If there exists an even p > 2 such that BQP, admits strong error reduction with

parameter A =1 — %, then the Counting Hierarchy collapses to the first level (i.e. PPPP = PP).

Proof. Let L € BQP,,. By assumption, there exists a polynomial-time computable family of quan-
tum circuits {Q,(z)} with gates only from S, and the circuit family accepts L with success prob-
ability 1 — a/3, where a = d(n)~*, d(n) being the dimension of the Hilbert space that Q,(x) acts
upon.

Fix x and let n = |z|. Since @, (z) admits strong error reduction, @,(x) only has gates drawn
from S. This implies that, treating @, (x) as a unitary matrix, there exists an integer matrix V' (z)
and a polynomial t(n) such that V(z) = 5*™Q, (z). Note that since Q,(z) was polynomial-time
computable, each of the entries of V(z) are also polynomial-time computable.

Let |A) be the initial state that is fed to Q,(z) - i.e. |A) = [0)™™W+1, Let ¥ = V,,(z)|A). Note
that ¥ is not a valid state vector (it doesn’t have unit length). However, each component ¥; is
an exponential sum of a polynomial product of polynomial-time computable entries of V', and thus
each component ¥; is a GapP function with respect to the input x.

Let f(z) = Zye{o,l}m(n> |({y|(1])¥[P, which is an exponential sum of a polynomial product of
GapP functions, and thus f(z) is a GapP function (due to GapP closure properties). Thus the
probability of @, (x) accepting is f(z)/N,(¥)P.

From the definition of BQP,, we have that for all x € {0,1}*:

xr € L = Pr[Qu(x) accepts] > 1 — a(n)/3
x ¢ L = Pr[Qn(x) accepts] < a(n)/3



When z € L:
x € L = Pr[Q,(z) accepts] > 1 — /3
f(x)
= ——2>1-0a/3
Ny =
f(z)
= () o >1—a/3
f(z)
51775(”) Q 2 2/3
When z ¢ L:

x ¢ L = Pr[Qn(z) accepts] < a/3

f(=)
= o) = 1/3

Observe that 571" . ¢ is a polynomial-time computable function. Since f(z) is a GapP function,
this proves that BQP,, is low for PP.
In his thesis [2] and in [3], Aaronson proves that for all even p > 2, PP = BQP,. Thus, if BQP,, is

low for PP, then we have shown PPPP = PP, which implies the collapse of the Counting Hierarchy
to the first level. g

It is interesting to note that this proof does not relativize, so it avoids conflict with oracle results

such as PNP* ¢ PPA for some oracle A. It does not relativize because we use the fact that we can
write a quantum circuit as a matrix consisting only of integer entries. In general, this cannot be
done in a relativized world.
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7. APPENDIX
Lemma 1. For all p > 2, for all z € CY, |||} < ||=|3 < (d*=2/7)||z|]b.

Proof. Let z € C%. We want to find a tight constant ¢ such that ||z||3 < c||z|/b.

Denote ; = |z;]. So we want to minimize f(@) =, of, subject to g(@) = >, a? = 1 (changing
1 to some other constant does not change our bound). By the method of Lagrange multipliers, we set
the partial derivatives of f equal to the partial derivatives of g times the Lagrange multiplier A. We
have pozf*1 = X-2q;. Since all the o; are non-negative, we have that o; = o, for all 4, j. This turns
out to be the minimum of f subject to g = 1. At this optimum point, f(d~'/2,...,d~/?) = d'~7/2,
Thus, ||z||h < d'~P/2|z||3. By setting ¢ = d' /P, we obtain our bound. O

Adleman, et al. effectively showed that there exists a universal finite set of quantum gates with
transition amplitudes are drawn from {0, 41, £3/5,4+4/5} [4]. Denote that universal gate set as S.

We claim that the results of Adleman, et al. extends to our setting: BQP, does not change when
you restrict your gates to S.

Lemma 2. Given a polynomial-time computable family of circuits {Qy} that accepts a BQP, prob-
lem L, there is a polynomial-time computable family of circuits {Qn} that also accepts L, but where
each Q, uses gates only from S, and ||Qn — Q| < € for some e = 27",

Proof. This follows from the Solovay-Kitaev theorem. 0

The following theorem isn’t used anywhere in the above proofs, but it shows that “normal” error
reduction can be done with BQPp, in the same way that error reduction can be done with BPP.
We believe this is the limit of error reduction one can do for BQP,,.

Theorem 6 (Error reduction for BQP,). Let p be an integer greater than 2. Let g(n) be a polynomial
satisfying q(n) > 2. Then BQP,(279) = BQP,.

Proof. It is clear that BQPP(Q*‘J(”)) C BQP,. We now prove BQP, C BQPP(2*‘1(”)).

Let L € BQP,(1/3). Let {@n(x)} be the associated family of quantum circuits that solves L.
Consider the following circuit family construction {Q,(z)}: for each n, for all z € {0,1}", we run
Qn(x) k times in parallel, for some k to be specified later. We take the k output bits of each @, (x)
circuit and then compute the majority answer.

For convenience, for all y € {0,1}*, define H(y) to be the Hamming weight of y.

The unitary of the first stage of the computation (running Q,(x) k times in parallel) is S; =
Qn(2)®* ® I. Denote the unitary computing the second stage (computing majority) as Sy = M,
where M has the following action:

For all y € {0,1}*, a1, ..., a € {0,1}™™ b€ {0,1}:

M @ ladly)lb) | = & laidlydlb @ 1(y)

1<i<k 1<i<k

where I(y) = 1 if and only if H(y) > k/2, 0 otherwise, and & is addition modulo 2. M is clearly
unitary, and polynomial-time constructible.
Let’s analyze this circuit:

(1) We begin with state |¥g) = [0)®()+Dk|0) (the last qubit is the output qubit).
(2) After passing |¥g) through Sp, we have:

1) = 1| W) = (a(x)|wo(2))[0) + B(w)|wi (x))[1)" 0)
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where |wo(x)) and |wi(x)) are the states of the workspace qubits corresponding to the
“YES” and “NO” answers, respectively, and a(x) and f(x) are complex amplitudes.
(3) After computing majority on |¥1), we have:

Ty) = M[U1) = Y a@)HWR@)HW [ Q) |wy,(2)y) | ()

ye{0,1}* 1<i<k

(4) Let us compute the probability of acceptance. Suppose z € L. Then, by definition of
BQP,(1/3), we know that:

1B@) P32, (w2 ()P
(@)[P 32, [woz(2) P + [B(2)[P 22, [w ()P
where for b € {0, 1},

>

[SSRN )

wp(z)) = DY w(@)]2)

2€{0,1}m(n)

with complex amplitudes wy, .. For convenience, let

)Py wo,z ()"
@)Y fw ()P

Hence, B > 2A. The probability that the output state |¥s3) is measured in an accepting
state is:

ZH(y)Zk/Z Ak—H(y) pH(y)
Zye{o,l}k Ak—H(y) BH(y)

ZH(y)Zk/Q Ak—H(y) pH(y)
- (A+ B)k

Z ( A >k—H(y)< B )H(y)
H(y)>k/2 A+B A+B

> <I;> (AiB)k_j (AfB>j

i>k/2

Since r = B/(A + B) > 2/3, by the Chernoff bound, this sum is greater than 1 —
exp(—2k(r — %)2) i.e., exponentially close to 1. A similar analysis holds for x & L.

Setting k > % allows us to achieve a success probability greater than 1 — 279", Hence

the circuit family {Qn(:):)} is still polynomially sized in n, and can be generated in deterministic
polynomial time. This completes the proof that BQP, C BQPP(Q’q(”)).
[l



