Week 4: Nonstandard Measurements,

Heisenberg Uncertainty Principle, EPR
Paradox

COMS 4281 (Fall 2025)



1. Worksheet3 available, Quiz3 on Gradescope tonight.
2. Psetl out (finally!), due October 10, 11:59pm.



Al Policy

Syllabus has been updated with the Al policy. The gist of it is:

You may use Al/LLMs as a study aid, but not as a substitute for
your own work. Quizzes and problem sets are practice for the
midterm and final (70% of your grade), which you must do
without any external help. Use Al wisely: ask it to explain,
critique, or suggest alternatives — not just to give you the answer.
Everything you submit must be something you understand and
could explain to a peer without notes.



e Quter products

e Quantum teleportation



Quantum teleportation

Recall: the teleportation circuit.
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Quantum teleportation

Does this violate the No-Cloning Theorem?

No! Alice has measured her qubits, so no longer possesses |¢).

Can this be used to send information faster than speed of
light?

No! In order for Bob to recover [¢)), Alice needs to classically
transmit the “correction bits” z, x to Bob, which is limited by the
speed of light.

Both the preshared entanglement, and the classical communication

are necessary for quantum teleportation to work.



Public Service Announcement

Entanglement does not allow for faster-than-light

communication!
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obtaining the classical state |x) with probability |a]|?.



Nonstandard measurements

So far, measurement of a quantum state |¢)) = Y a, [x) meant
obtaining the classical state |x) with probability |a]|?.

This is what we call a standard basis measurement or a
computational basis measurement: the outcomes are the
standard basis (a.k.a. computational basis) vectors

1 0
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basis, where the outcomes are quantum states that are not
computational basis states.
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Measuring in diagonal basis

Let |¢) = «|0) + §|1) denote a qubit state. What happens if we
measure in the diagonal basis?

Rewrite [¢)) as a linear combination of the {|+),|—)} basis:

0 =02 (1 +19) +82 (1 - 1)

- Bl s) 19+ Ba-s)



Measuring in diagonal basis

The probability of getting |+) outcome is thus

V212 2
(5) [e+d]
and similarly the probability of |—) outcome is
V22 2
() |a-9]
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Another perspective

Geometric perspective: measuring |¢) in diagonal basis is
projecting |¢) along the |+),|—) axes. The probability of either
outcome is the square of the magnitude of the projections.
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Another perspective

Geometric perspective: measuring |¢) in diagonal basis is
projecting |¢) along the |+),|—) axes. The probability of either
outcome is the square of the magnitude of the projections.

Algebraically, we apply the projection matrices |+) (+| and |—) (—
to |¢). Projection of [¢) along |+) is

v) = I+) (+ 1) = (+|) [+)

The probability of getting |+) outcome is equal to

[0 | = [+ 193 [ =1ty - || 10 || = 1w 2

11



Another perspective

Geometric perspective: measuring |¢) in diagonal basis is
projecting |¢) along the |+),|—) axes. The probability of either
outcome is the square of the magnitude of the projections.

Algebraically, we apply the projection matrices |+) (+| and |—) (—
to |¢). Projection of [¢) along |+) is

v) = I+) (+ 1) = (+|) [+)

The probability of getting |+) outcome is equal to

Similarly probability of getting |—) outcome is | (—|) |2.

|7 = 10| =1 -] 10 =1 P
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General formula for measuring in a basis

Let [1)) € C? be a quantum state. Let B = {|b1),...,|bg)} be an
orthonormal basis for C¥.

Measuring |¢) with respect to basis B yields outcome |b;) with

[osl)

and the post-measurement state is |b;).

probability

12



Implementing measurements in different bases

How do you actually measure in a different basis? For example in
Qiskit you only get the ability to measure in the standard basis.
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Implementing measurements in different bases

How do you actually measure in a different basis? For example in
Qiskit you only get the ability to measure in the standard basis.

Measuring 1) in a basis B is equivalent to

1. Apply a unitary V that maps B to standard basis (i.e.
|bj) — 1i))-
2. Measure V |9) in standard basis to get outcome |j).

3. Apply inverse unitary VT to map |j) back to |bj) as the
post-measurement state.

13



Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
unitary accomplishes this?
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Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
unitary accomplishes this?

The Hadamard matrix: H|+) = |0) and H |—) = |1).
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Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
unitary accomplishes this?

The Hadamard matrix: H|+) = |0) and H |—) = |1).
Measuring |¢') = H |¢) in the standard basis yields |0) with
probability

[ {019} 12 =[0I H [9) 2 = | (+]¥) |* .
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Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
unitary accomplishes this?

The Hadamard matrix: H|+) = |0) and H|—) = |1).
Measuring |¢') = H |¢) in the standard basis yields |0) with
probability

[ (01" [2 =[0I H|) |2 = | (+]9) |* -

After it collapses to |0), we apply Hf = H to get |+), the
post-measurement state.
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Partial measurements plus nonstandard measurements

Let's combine the two concepts! Let [¢)) =3°; ;i |i) ® |j) denote
a two-qubit state. Say we measure the first qubit with respect to
basis {|bo) , [b1)}.
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Partial measurements plus nonstandard measurements

Let's combine the two concepts! Let [¢)) =3°; ;i |i) ® |j) denote
a two-qubit state. Say we measure the first qubit with respect to
basis {|bo) , [b1)}.

Measurement rule: Equivalent to applying the projections
vo) = ( Ibo) (bo| @ 1) 1)
) = (160) (rl @ 1) [85) -

2 and the

The probability of getting |by) outcome is || |vp) |
post-measurement state is |vo) /|| |vo) |-

Similarly, probability of getting |b;) outcome is || |v1) [|?, and
post-measurement state is |vi) /|| |v1) |.

ii5)



Projecting [1)) along the first projection yields
(160) (b0l & T) [9) = 3~ o) (boli) @TL))
ij
=D _ai (boli) [bo) @ 1))
iy

= [bo) ® (Z% {bo|i) 1) >
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Projecting [1)) along the first projection yields
(160) (b0l & T) [9) = 3~ o) (boli) @TL))
ij
=D _ai (boli) [bo) @ 1))
iy

= [bo) ® (Z% (bol /) |J>

The probability of getting |bg) outcome is

[ 160} & (3 s ceoliv 1 )| = 1 18w) 12| 2 e ool U |
i 1 i

=32 (3 ey ool ) 1 |
:Z)Zay(bo|i>‘2.
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Partial measurements plus nonstandard measurements

Conditioned on the outcome |bp) in the first qubit, the
post-measurement state of the two qubits is then

221 @ij (bol i) U) 221 @ij (boli) 1)

|bo) ® = |bo) ®
HZ,dau |>\J> \/Z‘Z% bo\)
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Partial measurements plus nonstandard measurements

Conditioned on the outcome |bp) in the first qubit, the
post-measurement state of the two qubits is then

Z/J <b0|l> ‘J) Zl,JaU <b0‘ >’./>
= |bo) ®
HZ,JQU |>\J> \/Z‘Zau bo\)

Notice that, even though the original state |¢)) could have been

|bo) ®

entangled, the post-measurement state is unentangled!
Measurement generally destroy entanglement.
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Partial measurements plus nonstandard measurements

Let's work through an example:

1Y) = |[¥1) @ |[¥2) .

Measure the first qubit in the diagonal basis.
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Partial measurements plus nonstandard measurements

Let's work through an example:

1Y) = |[¥1) @ |[¥2) .

Measure the first qubit in the diagonal basis.

e What is the probability the outcome is [+)? Or |—)?

e What is the post-measurement state in either case?

18



Heisenberg's uncertainty principle, EPR paradox, Bell's Theorem.

19



Heisenberg Uncertainty Principle




Heisenberg Uncertainty Princi

Popular science version: can't exactly know both the position and
momentum of a particle simultaneously.

i T can’t You probgbly know Too much
AT h‘l?::!e with find my qbqr:f me;Z romentum,
i < s. \
Heisenbergs ar key\
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Heisenberg Uncertainty Principle

In quantum information theory terms: it is not possible for a qubit
1)) € C? to be simultaneously determined in both the standard
basis and the diagonal basis.
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Heisenberg Uncertainty Principle

In quantum information theory terms: it is not possible for a qubit
1)) € C? to be simultaneously determined in both the standard
basis and the diagonal basis.

In other words, if measuring |¢) in standard basis yields a
deterministic outcome, then it cannot have a deterministic
outcome if measured according to diagonal basis.
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Heisenberg Uncertainty Principle

Quantitatively, let:

1. po = |{0[2) |? and p; = | (1]2) |? be probability of outcomes
in standard basis.
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Heisenberg Uncertainty Principle

Quantitatively, let:

1. po = |{0[2) |? and p; = | (1]2) |? be probability of outcomes
in standard basis.

2. py = | (+[¥)|? and p_ = | (—|1)) |? be probability of
outcomes in Hadamard basis.

Then a version of Heisenberg's uncertainty principle says

(Po—p1)*+ (py —p-)? <1
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Heisenberg Uncertainty Principle

Important point: it's not about what happens if you sequentially
measure the state [¢)) (what happens then?).

23



Heisenberg Uncertainty Principle

Important point: it's not about what happens if you sequentially
measure the state [¢)) (what happens then?).

It's reasoning about counterfactual scenarios: measuring |¢) in
the standard basis, or measuring [¢) in the diagonal basis.
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Heisenberg Uncertainty Principle

We say that the standard basis and diagonal basis are
incompatible or complementary.

In quantum physics, the position and momentum of a particle
correspond to incompatible measurements!

24
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The EPR Paradox

A. Einstein B. Podolsky N. Rosen

In 1935, Einstein, Podolsky, and Rosen published a paper called

Can Quantum-Mechanical Description of Physical Reality be
Considered Complete?

25



The EPR Paradox

The EPR thesis:

Quantum mechanics may be very good at predicting outcomes of
experiments, but it cannot be a complete description of Nature.

The reason they thought this was because of a thought experiment.
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The EPR Paradox

Alice and Bob are in far-away galaxies and share the EPR state

1

) 7

(\00> )11 )
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The EPR Paradox

Alice and Bob are in far-away galaxies and share the EPR state

L
~ 2

Consider two possible experiments:

) (100) +[11) ).

e Experiment A: Alice measures her qubit in the standard basis
{10),11)}
e Experiment B: Alice measures her qubit in the diagonal basis

{+),1=)}

27



Alice gets outcome

e |0) with probability 1/2, and the post-measurement state is
100).

e |1) with probability 1/2, and the post-measurement state is
|11).

28



To calculate the probability of getting outcome |+), we use the

partial measurement + nonstandard basis rules: first, compute the
vector

jvi) = (1) (+l@ 1) r¢>—r+>®\1@(<+\o> 0) + (+]1) 1))
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To calculate the probability of getting outcome |+), we use the
partial measurement + nonstandard basis rules: first, compute the
vector

jvi) = (1) (+l@ 1) r¢>—r+>®\1@(<+\o> 0) + (+]1) 1))
1 1 1 1
=9 (50+ 5 ) =),

The squared length is || |v) H2 = %
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The post-measurement state is then v/2 v, ) = |+) @ |+).
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The post-measurement state is then v/2 v, ) = |+) @ |+).

Similarly, the probability of getting outcome |—) is % and the
post-measurement state is |—) ® |—).

30



The EPR Paradox

Alice and Bob are in far-away galaxies and share the EPR state
|®) = %(|00> + |11>>. If Alice measures in standard basis, after
seeing her result she knows exactly what state Bob's qubit is in —
even if Bob’s qubit is zillions of lightyears away.

31



The EPR Paradox

Einstein’s (and Podolsky’s and Rosen's) reasoning:

1. If Alice did Experiment A and got outcome (say) |0), then it
must have been Bob's qubit was really |0) all along.
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The EPR Paradox

Einstein’s (and Podolsky’s and Rosen's) reasoning:

1. If Alice did Experiment A and got outcome (say) |0), then it
must have been Bob's qubit was really |0) all along.

2. On the other hand, if Alice did Experimeent B and got
outcome (say) |—), then it must have been Bob's qubit was
really |—) all along.

3. But Alice's choice of measurement (standard or diagonal)
couldn’t have made an instantaneous difference in intrinsic the
state of Bob's qubit, right?

4. Therefore Bob's qubit must have answers prepared for both
Experiments simultaneously — violating Heisenberg's
Uncertainty Principle!
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The EPR Paradox

EPR'’s conclusion: Quantum Mechanics can make the right
statistical predictions. But it's just a mathematical model that
doesn’t actually describe the way Reality works.
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The EPR Paradox

EPR'’s conclusion: Quantum Mechanics can make the right
statistical predictions. But it's just a mathematical model that
doesn’t actually describe the way Reality works.

EPR'’s thesis: There is a deeper classical theory — called a local
hiden variable theory — that

e Reproduces the same statistics as Quantum Mechanics

e But has hidden variables that describes the intrinsic state of
particles.

e Respects the speed of light limit.
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The EPR Paradox

What do you think of Einstein’s reasoning?

It is a paradox?

34



	Nonstandard Measurements
	Heisenberg Uncertainty Principle
	EPR Paradox

