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No-Cloning Theorem: Quantum Info cannot be copied.

Formal statement: there is no two-qubit unitary U such that for
all single-qubit states |¢)) € C2,

Ulp) @ [0) =) @)
~—

ancilla



No-Cloning Theorem Proof

Suppose there was a Quantum Cloner U. Then on one hand:
U10) ® [0) = [0} ® |0).



No-Cloning Theorem Proof

Suppose there was a Quantum Cloner U. Then on one hand:
U10) ® [0) = [0} ® |0).

and: U|4+) ®10) = |[4+) ® |[+).



No-Cloning Theorem Proof

Suppose there was a Quantum Cloner U. Then on one hand:
U10) ® [0) = [0} ® |0).

and: U|4+) ®10) = |[4+) ® |[+).

but unitary operators have to preserve inner products!
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No-Cloning Theorem Proof

So that means
(o) (I el+)=(w0=0)(+el0)
But left-hand side is: (0|+) - (0]+) = L. L =1

and right-hand side is: RHS : (0|+) - (0|0) =

Contradiction!
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Quantum teleportation

Imagine Alice and Bob are friends, and Alice has a state

1) = «a|0) + B |1) that she wants to share with Bob. However
Bob is really far away, and they can only communicate classically
(so Alice can't just hand Bob her qubit). Can Alice transfer her
exact qubit to Bob somehow?

She could try to call Bob over the phone and send a classical
description of |¢), but that could require an infinite number of bits

if [¢)) has amplitudes that use transcendental numbers.
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Quantum teleportation

If Alice and Bob preshare quantum entanglement, then Alice can
teleport |¢)) to Bob.

Suppose one year ago, Alice and Bob were in the same quantum
lab, and they generated the entangled state

1
V2

Alice takes the first qubit, Bob takes the second qubit and they go

IEPR) = (\00> + \11>) .

their separate ways.
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Quantum teleportation

Fast forward to today, when Alice gets a gift qubit

) = «|0) + B1).
She performs the following circuit on her two qubits:
) H ;

A ® A= x

where A denotes Alice’s half of the EPR pair, and the
measurement outcomes are denoted z, x € {0, 1} respectively.
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Quantum teleportation

Alice calls up Bob over the phone: “I just teleported |¢)) over to
you using the EPR pair we split a year ago.”

Bob: “Nice! What corrections do | need to do?”

Alice tells Bob the bits z, x.



Quantum teleportation

Bob then applies the following gates to his EPR qubit B,
depending on the values of x, z.




Quantum teleportation

Bob then applies the following gates to his EPR qubit B,
depending on the values of x, z.

Recall that



Quantum teleportation

Viewing the entire process as a circuit, this looks like
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Quantum teleportation

We analyze it step by step:
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Quantum teleportation

We analyze it step by step:

) i e
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Let's do this together on the board!
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Quantum teleportation

Does this violate the No-Cloning Theorem?
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Quantum teleportation

Does this violate the No-Cloning Theorem?

No! Alice has measured her qubits, so no longer possesses |¢).

Can this be used to send information faster than speed of
light?

No! In order for Bob to recover [¢)), Alice needs to classically
transmit the “correction bits” z, x to Bob, which is limited by the
speed of light.

Both the preshared entanglement, and the classical communication

are necessary for quantum teleportation to work.
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Public Service Announcement

Entanglement does not allow for faster-than-light

communication!
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Nonstandard measurements

So far, measurement of a quantum state |¢)) = Y ay [x) meant
obtaining the classical state |x) with probability |a]?.
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Nonstandard measurements

So far, measurement of a quantum state |¢)) = Y ay [x) meant
obtaining the classical state |x) with probability |a]?.

This is what we call a standard basis measurement or a
computational basis measurement: the outcomes are the
standard basis (a.k.a. computational basis) vectors

1 0
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Nonstandard measurements

But often we'd like to measure a quantum state in a different
basis, where the outcomes are quantum states that are not
computational basis states.
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Measuring in diagonal basis

Let |¢) = «|0) + §|1) denote a qubit state. What happens if we
measure in the diagonal basis?
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Measuring in diagonal basis

Let |¢) = «|0) + §|1) denote a qubit state. What happens if we
measure in the diagonal basis?

Rewrite [¢)) as a linear combination of the {|+),|—)} basis:

0 =02 (10 +19) +82 (14 - 1)

- L) 19+ Za-s)

ii5)



Measuring in diagonal basis

The probability of getting |+) outcome is thus

V212 2
(5) [e+4]
and similarly the probability of |—) outcome is
V22 2
() |a-9]
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Another perspective

Geometric perspective: measuring |¢) in diagonal basis is
projecting |¢) along the |+),|—) axes. The probability of either
outcome is the square of the magnitude of the projections.
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Another perspective

Geometric perspective: measuring |¢) in diagonal basis is
projecting |¢) along the |+),|—) axes. The probability of either
outcome is the square of the magnitude of the projections.

Algebraically, we apply the projection matrices |+) (+| and |—) (—
to |¢). Projection of [¢) along |+) is

v) = +) (+ 1) = (+|) [+)

The probability of getting |+) outcome is equal to
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Another perspective

Geometric perspective: measuring |¢) in diagonal basis is
projecting |¢) along the |+),|—) axes. The probability of either
outcome is the square of the magnitude of the projections.

Algebraically, we apply the projection matrices |+) (+| and |—) (—
to |¢). Projection of [¢) along |+) is

v) = +) (+ 1) = (+|) [+)

The probability of getting |+) outcome is equal to

Similarly probability of getting |—) outcome is | (—|) |2.

[ = 10| =1 -] 10 =1 P
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General formula for measuring in a basis

Let 1)) € C? be a quantum state. Let B = {|b1),...,|bg)} be an
orthonormal basis for C¢.

Measuring |¢/) with respect to basis B yields outcome |b;) with

[oil)

and the post-measurement state is |b;).

probability

18



Implementing measurements in different bases

How do you actually measure in a different basis? For example in
Qiskit you only get the ability to measure in the standard basis.
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Implementing measurements in different bases

How do you actually measure in a different basis? For example in
Qiskit you only get the ability to measure in the standard basis.

Measuring 1) in a basis B is equivalent to

1. Apply a unitary V that maps B to standard basis (i.e.
|bj) — 1i))-
2. Measure V |9) in standard basis to get outcome ).

3. Apply inverse unitary VT to map |j) back to |bj) as the
post-measurement state.
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Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
unitary accomplishes this?
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Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
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The Hadamard matrix: H|+) = |0) and H |—) = |1).
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Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
unitary accomplishes this?

The Hadamard matrix: H|+) = |0) and H |—) = |1).
Measuring [¢') = H |¢) in the standard basis yields |0) with
probability

[ {019} [2 =[O H [9) 2 = | (+]¥) |* .
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Implementing measurements in different bases

Example: To measure in the diagonal basis, we have to perform a
basis change from {|+),|—)} to standard basis {|0),|1)}. What
unitary accomplishes this?

The Hadamard matrix: H|+) = |0) and H|—) = |1).
Measuring [¢') = H |¢) in the standard basis yields |0) with
probability

[ (01" [2 =[0I HI) |2 = | (+]9) |* -

After it collapses to |0), we apply Hf = H to get |+), the
post-measurement state.
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Partial measurements plus nonstandard measurements

Let's combine the two concepts! Let [¢)) =3°; ;i |i) ® |j) denote
a two-qubit state. Say we measure the first qubit with respect to
basis {|bo) , [b1)}.
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Partial measurements plus nonstandard measurements

Let's combine the two concepts! Let [¢)) =3°; ;i |i) ® |j) denote
a two-qubit state. Say we measure the first qubit with respect to
basis {|bo) , [b1)}.

Measurement rule: Equivalent to applying the projections
vo) = ( Ibo) (bl @ 1) [4)
) = (160) (rl @ 1) [85) -

2 and the

The probability of getting |by) outcome is || |vp) |
post-measurement state is |vo) /|| |vo) |-

Similarly, probability of getting |b;) outcome is || |v1) [|?, and
post-measurement state is |vi) /|| |v1) ||.
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Projecting [¢)) along the first projection yields
(160) (b0l & T) ) = 3" o) (boli) @1L))
ij
=D _aij (boli) [bo) @ 1))
i

= [bo) ® (Z% {bo|i) 1) >
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Projecting [¢)) along the first projection yields
(160) (b0l & T) ) = 3" o) (boli) @1L))
ij
=D _aij (boli) [bo) @ 1))
i

= [bo) ® (Z% (bol /) |J>

The probability of getting |bg) outcome is

[ 160} & (3 s ceoliv 1 )| = 1 18w) 12| S e ool U |
i 1 i

=3 (3 ey ceolid ) 1 |
:Z)Zay(bo|i>‘2.
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Partial measurements plus nonstandard measurements

Conditioned on the outcome |bp) in the first qubit, the
post-measurement state of the two qubits is then

221 @ij (bol i) U) 221 @ij (boli) 1)

|bo) ® = |bo) ®
HZ,dau |>\J> \/Z‘Z% bo\)
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Partial measurements plus nonstandard measurements

Conditioned on the outcome |bg) in the first qubit, the
post-measurement state of the two qubits is then

Z/,_/ <b0|l> ‘J) ZI,J aU <b0‘ > ’./>
= |bo) ®
HZ,JQU |>\J> \/Z‘Zau bo\)

Notice that, even though the original state |¢)) could have been

|bo) ®

entangled, the post-measurement state is unentangled!
Measurement generally destroy entanglement.
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Partial measurements plus nonstandard measurements

Let's work through an example:

1Y) = |[¥1) ® |[2) .

Measure the first qubit in the diagonal basis.
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Partial measurements plus nonstandard measurements

Let's work through an example:

1Y) = |[¥1) ® |[2) .

Measure the first qubit in the diagonal basis.

e What is the probability the outcome is |+)? Or |—)?

e What is the post-measurement state in either case?

24



Heisenberg Uncertainty Principle




Heisenberg Uncertainty Princi

Popular science version: can't exactly know both the position and
momentum of a particle simultaneously.

i T can’t You probgbly know Too much
AT h‘l?::!e with find my qbqr:f me;Z romentum,
i < s. \
Heisenbergs ar key\
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Heisenberg Uncertainty Principle

In quantum information theory terms: it is not possible for a qubit
0) € C? to be simultaneously determined in both the standard
basis and the diagonal basis.
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Heisenberg Uncertainty Principle

In quantum information theory terms: it is not possible for a qubit
0) € C? to be simultaneously determined in both the standard
basis and the diagonal basis.

In other words, if measuring |¢) in standard basis yields a
deterministic outcome, then it cannot have a deterministic
outcome if measured according to diagonal basis.
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Heisenberg Uncertainty Principle

Quantitatively, let:

1. po = |{0[x) |? and p; = | (1|2 |? be probability of outcomes
in standard basis.
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Heisenberg Uncertainty Principle

Quantitatively, let:

1. po = |{0[x) |? and p; = | (1|2 |? be probability of outcomes
in standard basis.

2. py = | (+[¥)|? and p_ = | (—|1)) |? be probability of
outcomes in Hadamard basis.

Then a version of Heisenberg's uncertainty principle says

(Po—p1)*+ (py —p-)? <1
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Heisenberg Uncertainty Principle

Important point: it's not about what happens if you sequentially
measure the state [¢)) (what happens then?).
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Heisenberg Uncertainty Principle

Important point: it's not about what happens if you sequentially
measure the state [¢)) (what happens then?).

It's reasoning about counterfactual scenarios: measuring |¢) in
the standard basis, or measuring [¢) in the diagonal basis.
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Heisenberg Uncertainty Principle

We say that the standard basis and diagonal basis are
incompatible or complementary.

In quantum physics, the position and momentum of a particle
correspond to incompatible measurements!
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