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These linear combinations are really just another unit vector in a different 
direction!
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In fact, that’s the case in general for any complex coefficient of unit norm.
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Takeaways:

- A quantum state is represented by a unit vector.

- Any normalized linear combinations of quantum states is also a valid quantum 
state. This is called superposition.
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The qubit is the basic unit of quantum information.

It is a quantum state on any two-level system.

Electron Orbitals

Superconducting Currents

Light Polarization

We abstract a qubit as a unit vector on a 2D space.

Electron Spin

Examples of Qubits: ¥ƙĦǊǕǮνǜƈĲνǆǗǠǭƷǘǣĲƈǆΙ



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran
62

Outline

Quantum 
Entanglement
&
Many Qubits

First qubit Second qubit

No Cloning 
and 
Quantum Money

The Qubit

Quantum 
Measurement



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Quantum Measurement

63

Suppose we have a single photon in either the 0 state or the 1 state, and we don't know 
which. How do we find out?
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Suppose we have a single photon in either the 0 state or the 1 state, and we don't know 
which. How do we find out?

We send it through a polarizing filter (a.k.a. a polarizer)
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Suppose we have a single photon in either the 0 state or the 1 state, and we don't know 
which. How do we find out?

We send it through a polarizing filter (a.k.a. a polarizer)
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Suppose we have a single photon in either the 0 state or the 1 state, and we don't know 
which. How do we find out?

We send it through a polarizing filter (a.k.a. a polarizer)
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Suppose we have a single photon in either the 0 state or the 1 state, and we don't know 
which. How do we find out?

We send it through a polarizing filter (a.k.a. a polarizer)
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Suppose we have a single photon in either the 0 state or the 1 state, and we don't know 
which. How do we find out?

We send it through a polarizing filter (a.k.a. a polarizer)



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Quantum Measurement

Vertical
Polarizer

69

Suppose we have a single photon in either the 0 state or the 1 state, and we don't know 
which. How do we find out?

We send it through a polarizing filter (a.k.a. a polarizer)
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What happens if we send a single photon in the + state...
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Quantum Measurement
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What happens if we send a single photon in the + state through a horizontal polarizer?
(a) It reflects off the polarizer
(b) It passes through the polarizer
(c) It changes its polarization to vertical
(d) It changes its polarization to horizontal

Horiz
ontal

Polar
izer
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What happens if we send a single photon in the + state through a horizontal polarizer?
(a) It reflects off the polarizer
(b) It passes through the polarizer
(c) It changes its polarization to vertical
(d) It changes its polarization to horizontal

Horiz
ontal

Polar
izer
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Quantum Measurement

73

What happens if we send a single photon in the + state through a horizontal polarizer?
(a) It reflects off the polarizer
(b) It passes through the polarizer
(c) It changes its polarization to vertical
(d) It changes its polarization to horizontal

Horiz
ontal

Polar
izer

50% probability

50% probability
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What happens if we send a single photon in the + state through a horizontal polarizer?
(a) It reflects off the polarizer
(b) It passes through the polarizer
(c) It changes its polarization to vertical
(d) It changes its polarization to horizontal

Horiz
ontal

Polar
izer

50% probability

50% probability

50% probability

50% probability
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What happens if we send a single photon in the ‒ state through a horizontal polarizer?
(a) It reflects off the polarizer
(b) It passes through the polarizer
(c) It changes its polarization to vertical
(d) It changes its polarization to horizontal

50% probability

50% probability

Horiz
ontal

Polar
izer50% probability

50% probability
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations? 
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Horiz
ontal

Polar
izer50% probability

50% probability

Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations? 

A horizontal polarizer 
does not distinguish!
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations?
(a) No. The two diagonals are indistinguishable.
(b) Yes! There is a polarizer measurement that can tell them apart!

?
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations?
(a) No. The two diagonals are indistinguishable.
(b) Yes! There is a polarizer measurement that can tell them apart!

?
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations?
(a) No. The two diagonals are indistinguishable.
(b) Yes! There is a polarizer measurement that can tell them apart!

?
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations?
(a) No. The two diagonals are indistinguishable.
(b) Yes! There is a polarizer measurement that can tell them apart!

Just tilt the polarizer! This is also a valid measurement
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations?
(a) No. The two diagonals are indistinguishable.
(b) Yes! There is a polarizer measurement that can tell them apart!

Just tilt the polarizer! This is also a valid measurement
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations?
(a) No. The two diagonals are indistinguishable.
(b) Yes! There is a polarizer measurement that can tell them apart!

Just tilt the polarizer! This is also a valid measurement
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Suppose we have a single photon in either the + state or the ‒ state, and we don't know 
which.
Can we distinguish between the two diagonal polarizations?
(a) No. The two diagonals are indistinguishable.
(b) Yes! There is a polarizer measurement that can tell them apart!

Just tilt the polarizer! This is also a valid measurement
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(this view is rotated to depict m along the horizontal)
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(this view is rotated to depict m along the horizontal)
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Project    onto      and its perpendicular subspace    
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(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

(this view is rotated to depict m along the horizontal)



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Quantum Measurement

90

Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )
(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )
(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !
(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !
(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !

Otherwise, the state becomes the normalized projection 
onto        (with probability                                 ) 

(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !

Otherwise, the state becomes the normalized projection 
onto        (with probability                                 ) 
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(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !

Otherwise, the state becomes the normalized projection 
onto        (with probability                                 ) 

Quantum Measurement
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Either way, always 
ends up with norm 1.

(this view is rotated to depict m along the horizontal)
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !

Otherwise, the state becomes the normalized projection 
onto        (with probability                                 ) 
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Either way, always 
ends up with norm 1.
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !

Otherwise, the state becomes the normalized projection 
onto        (with probability                                 ) 
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Either way, always 
ends up with norm 1.
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !

Otherwise, the state becomes the normalized projection 
onto        (with probability                                 ) 

Quantum Measurement
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Either way, always 
ends up with norm 1.
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Rule: Given a state vector    , if you measure in 
direction     :

Project    onto      and its perpendicular subspace    

The probability of measuring      is

(This is the squared component in the direction of     )

In that case, the state is now     !

Otherwise, the state becomes the normalized projection 
onto        (with probability                                 ) 
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Either way, always 
ends up with norm 1.

0:40
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Vertical
Polarizer

Unpolarized 
Light
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Vertical
Polarizer

Horiz
ontal

Polar
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Unpolarized 
Light
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Vertical
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ontal
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Unpolarized 
Light
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Vertical
Polarizer

Horiz
ontal

Polar
izer

Unpolarized 
Light

Given that a photon passed through the vertical polarizer, 
what is the probability that it then passes through the horizontal one?
(a) 0%
(b) 50%
(c) 100%
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Vertical
Polarizer

Horiz
ontal

Polar
izer

Unpolarized 
Light

Given that a photon passed through the vertical polarizer, 
what is the probability that it then passes through the horizontal one?
(a) 0%
(b) 50%
(c) 100%
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Vertical
Polarizer

Horiz
ontal

Polar
izer

Unpolarized 
Light

0% chance

Given that a photon passed through the vertical polarizer, 
what is the probability that it then passes through the horizontal one?
(a) 0%
(b) 50%
(c) 100%
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Vertical
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45
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Polar
izer

Unpolarized 
Light
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Vertical
Polarizer

45
°

Unpolarized 
Light

Horiz
ontal

Polar
izer

Given that a photon passed through the vertical polarizer, 
what is the probability that it then passes through the diagonal one?
(a) 0%
(b) 50%
(c) 100%
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Vertical
Polarizer

45
°

Unpolarized 
Light

Horiz
ontal

Polar
izer

Given that a photon passed through the vertical polarizer, 
what is the probability that it then passes through the diagonal one?
(a) 0%
(b) 50%
(c) 100%



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Quantum Measurement

111

Vertical
Polarizer

45
°

Unpolarized 
Light

50% chance

Given that a photon passed through the vertical polarizer, 
what is the probability that it then passes through the diagonal one?
(a) 0%
(b) 50%
(c) 100%

Horiz
ontal

Polar
izer
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Vertical
Polarizer

45
°

Unpolarized 
Light

50% chance

Given that a photon passed through the vertical polarizer, 
what is the probability that it then passes through the diagonal one?
(a) 0%
(b) 50%
(c) 100%

Horiz
ontal

Polar
izer
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Vertical
Polarizer

45
°

Unpolarized 
Light

50% chance

If the photon does pass through the diagonal polarizer, what is its resulting polarization?
(a) vertical 
(b) horizontal 
(c) 45° 
(d) ‒45° 

?
Horiz

ontal

Polar
izer



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Quantum Measurement

114

Vertical
Polarizer

45
°

Unpolarized 
Light

50% chance

If the photon does pass through the diagonal polarizer, what is its resulting polarization?
(a) vertical 
(b) horizontal 
(c) 45° 
(d) ‒45° 

?
Horiz

ontal

Polar
izer
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Vertical
Polarizer

45
° Horiz

ontal

Polar
izer

Unpolarized 
Light

50% chance

If the photon does pass through the diagonal polarizer, what is its resulting polarization?
(a) vertical 
(b) horizontal 
(c) 45° 
(d) ‒45° 
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Vertical
Polarizer

45
° Horiz

ontal

Polar
izer

Unpolarized 
Light

50% chance

Given that a photon passed through the diagonal polarizer, 
what is the probability that it then passes through the horizontal one?
(a) 0%
(b) 50%
(c) 100%
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Vertical
Polarizer

45
° Horiz

ontal

Polar
izer

Unpolarized 
Light

50% chance

Given that a photon passed through the diagonal polarizer, 
what is the probability that it then passes through the horizontal one?
(a) 0%
(b) 50%
(c) 100%
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Vertical
Polarizer

45
° Horiz

ontal

Polar
izer

Unpolarized 
Light

50% chance

Given that a photon passed through the diagonal polarizer, 
what is the probability that it then passes through the horizontal one?
(a) 0%
(b) 50%
(c) 100%

50% chance
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Vertical
Polarizer

45
° Horiz

ontal

Polar
izer

Unpolarized 
Light

50% chance

Given that a photon passed through the diagonal polarizer, 
what is the probability that it then passes through the horizontal one?
(a) 0%
(b) 50%
(c) 100%

50% chance

25% chance



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran
120

Vertical
Polarizer

Horiz
ontal

Polar
izer

Unpolarized 
Light

0% chance

Vertical
Polarizer

45
° Horiz

ontal

Polar
izer

Unpolarized 
Light

50% chance 50% chance

25% chance
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Vertical
Polarizer

Horiz
ontal

Polar
izer

Unpolarized 
Light

0% chance

Vertical
Polarizer

45
° Horiz

ontal

Polar
izer

Unpolarized 
Light

50% chance 50% chance

25% chance

Inserting another polarizing filter 
increases the chance that light 

gets through!
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Unitaries: Operations that don’t measure

Wave
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The Hadamard gate

Hadamard 
Wave
Plate

Hadamard 
Wave
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Hadamard undoes itself

Hadamard
Wave
Plate
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ontal
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(unitary)

(measurement)
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Relative phase versus global phase
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Relative phase versus global phase
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Experiment B
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Experiment B
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Partial Measurement

If we measure just the first qubit,

We get outcome 0 with probability  |α₀₀|2 + |α₀₁|2, 

and the remaining quantum state is the state 

the normalized projection onto the subspace 
spanned by |00⟩ and |01⟩.
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Suppose we measure the first qubit in the |0⟩ vs |1⟩ basis (a partial measurement).
What is the probability that we get outcome 0?
(a) 0
(b) 1/2
(c) 1/√2
(d) 1 
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Notice that we now know for certain that the second qubit will 
measure to outcome 1, even before we've measured it!
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Fact: This is the case in any basis!
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Bob
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First qubit Second qubit

even at 1 million light-years apart!



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Alice

Quantum Entanglement

227

Bob
Entanglement

First qubit Second qubit

even at 1 million light-years apart!

"spooky action at a distance"



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Alice

228

Bob

The No-Communication Theorem

Entanglement

First qubit Second qubit



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Alice

229

Bob

The No-Communication Theorem

Entanglement

First qubit Second qubit



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Alice

230

Bob

The No-Communication Theorem

Entanglement

First qubit Second qubit



Quantum Computing Basics (continued) - COMS 4281
Barak Nehoran (Postdoc, CS Department, Columbia University)

© 2025 Barak Nehoran

Alice

231

Bob

The No-Communication Theorem

Entanglement

Theorem: Alice and Bob cannot use their entangled qubits to communicate 
information.

First qubit Second qubit
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Entanglement

Theorem: Alice and Bob cannot use their entangled qubits to communicate 
information.
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Bob

The No-Communication Theorem

Entanglement

Theorem: Alice and Bob cannot use their entangled qubits to communicate 
information.

That is, they can get classically impossible correlations, but no 
communication.

First qubit Second qubit
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Cloning = Making a faithful copy of a quantum state
The No-Cloning Theorem [Park 1970, Dieks 1982, Wootters & Zurek 1982]:

An unknown quantum state cannot be cloned.
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