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Abstract

A long-standing goal of artificial intelligence is to build systems capable of complex reasoning in vast domains, a
task epitomized by mathematics with its boundless concepts and demand for rigorous proof. Recent Al systems, often
reliant on human data, typically lack the formal verification necessary to guarantee correctness. By contrast, formal
languages such as Lean [1] offer an interactive environment that grounds reasoning, and reinforcement learning (RL)
provides a mechanism for learning in such environments. We present AlphaProof, an AlphaZero-inspired [2] agent that
learns to find formal proofs through RL by training on millions of auto-formalized problems. For the most difficult
problems, it uses Test-Time RL, a method of generating and learning from millions of related problem variants at
inference time to enable deep, problem-specific adaptation. AlphaProof substantially improves state-of-the-art results
on historical mathematics competition problems. At the 2024 IMO competition, our Al system, with AlphaProof
as its core reasoning engine, solved three out of the five non-geometry problems, including the competition’s most
difficult problem. Combined with AlphaGeometry 2 [3], this performance, achieved with multi-day computation,
resulted in reaching a score equivalent to that of a silver medallist, marking the first time an Al system achieved any
medal-level performance. Our work demonstrates that learning at scale from grounded experience produces agents
with complex mathematical reasoning strategies, paving the way for a reliable AI tool in complex mathematical
problem-solving.



Auto Formalization

IMO 2021 Shortlist, Problem A5

Let n > 2 be aninteger and let a1, az, . . . , an be positive real numbers with sum 1. Prove that
s ap 1
Z (a1 +az+- +ap_1)> < =.
=1l 3

Formalization
system

theorem imo_shortlist_2021_a5
(n : N) (he:an) (a: N>R) (hapos : V i, 0 < a i)
(hasum : ¥ i in Finset.Icc 1 n, a i =1) :
Y k in Finset.Icc 1 n, ak/(1—ak)*(211nF1nsetIcc1(k1),a1)"2<1/3 J

Syntactic, logical
variations

80 Million Formal

1 Million Informal

Sample Problems

Sample Problems

(The actual 2024 IMO problems were
formalized by hand though)




Core : RL environment &
Proof Tree

a Lean environment

theorem exists_infinite_primes (n : N) . ‘theorem exists_infinite_primes (n : N) :
3 p, nsp A Prime p := by ” 3 p, nspAPrime p := by
fsorry ’ 7 let p := minFac (n ! + 1)
Lean tactic state Tactic | Uy Lean tactic state
n: N ‘let p := minFac (n ! + 1)‘ n= N
3 p, n<pAPrimep p:N:=(n! + 1).minFac

3 p, n<pAPrimep



Core : RL environment &
Proof Tree
b The proof network

Lean tactic state
n : N
3 p, n<p A Prime p

l

Sampling N tactics
to search over

' Value |

‘ Tactic J
let p := minFac (n ! + 1) |

by_contra! h



Core : RL environment &
Proof Tree

¢ The tree search Lean tactic state
n : N
3 p, N <p A Prime p
Explore the space of
possible proof constructions. 1' Tactic " Tactic
'let p := minFac (n ! + 1) by_contra! h

Lean tactic state

1.  Selection g N := (n ! + 1).minFac|  /
2. Expansion - 3 p, N < p A Prime p \
3. Backpropagation
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Test Time

Reinforcement Learning
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When the standard search tree hits a computational wall on a problem



Test Time
Reinforcement
Learning

b Test-time RL
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b Test-time RL

Test Time
Reinforcement - Target [
Learning | pesem | A
1 gc\e/r?creig:)r ~H0DK

1. Generate hundreds of thousands of synthetic variants of the target
problem: simplifications, generalizations, or related lemmas.
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b Test-time RL

Test Time
Reinforcement |
Learning ‘
1 g;/,?gg:gr ~400k Proof network + search
g AlphaZero

2. Runafocused RL loop on the variants, the agent finetune a specialist
model on the target problem.
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b Test-time RL

Test Time
Reinforcement |
Learning ‘
1 g;/,?gg:gr ~400k Proof network + search
g AlphaZero

3. Mimics the human strategy of solving a simpler version of a problem
to gain the logic needed for the final proof.
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b Test-time RL

Test Time
Reinforcement ' taget [
Learning | problem [V
1 ggﬁgf‘ar;f)r | ~400k | Proof network + search
AlphaZero

Solving variants allows the agent to:

e fine-tune its policy for the problem
e discover specific logical structures of the problem
e unlock proofs that were previously unreachable.
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IMO 2024

e Successfully solved 4/6 of the IMO
problems &

e Ranked as asilver medalist, and pretty
close to gold &

But:

e Required multiple days to complete (=

e Hadtouse AlphaGeometry 2 for
geometry problems and failed with
Combinatorics (=

e Problems were hand formalized (=

Problem ID Domain System Used Outcome

P1 Algebra AlphaProof Solved

P2 Number Theory AlphaProof Solved

P3 Combinatorics AlphaProof Unsolved

P4 Geometry AlphaGeometry 2 Solved

P5 Combinatorics AlphaProof Unsolved

P6 Algebra AlphaProof Solved (5 human solvers)

Score on IMO 2024 problems

Pointsitotal
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Alphaproof vs LLMs

inDailyDoseofDS.com

of LLM Training 3

)
e [ @ 1
Rnndomlg == LI S (M
initialized 1) Qu ‘ .
ery deepseel( | hello adssn | | a Main RL
model User Untrained L Random output |
adé - [l a
Sais
6 ‘ {\ deepseek ! S User
Sﬂs*_}_} rin Untrained 4 I H(C( mal
Pre-training aa . wm e
- What are LM params?| |
Al e T
ot Lomain [Eien aeasn @ ouput
i R
: \ Formalization
o (hacieon il a | ~1M system ~80M Proof network + search
[ 1 (3) Query |
St_nge_.z _‘A, deepseek deepseek u user |
TInstruction Troin. | pre-trained Tnstruction _ 5 | AlphaZero —
fine-tuning | Trstruction fine-tuned LLMA, An LM is & type of V|
Tesponse e
Ly e comes conversational, T T mTm o T T T T
T s @ ouput |
B Trsrocion b Test-time RL
e 0= ’ © -~ oniomed ey
w What is. | Responsa #1 \respanse
S&g e 3_ an LLM? -
fS _____ deepseclc ! o _,8 £ ,,{ e
Preference 1) Query TInstruction 1
Fine-tuning n fine-tuned UM| | 5
e ® SN@
Response #2 To ELHF
. ‘ Update model
Stage & [ ) Variant
Reasoning = Sktiood o 1 generator ~400k Proof network + search
fine-tuning | reasoning task .
Finitis Reasoning-driven Reward
RHe dafinkiea nzspt?n.sg caleulation Alphaze ro

16



IMO 2025 -
Alphaproof 2?

Google later used a version of Gemini
with deep think to achieve gold level
performance in the 2025 IMO

AND was able to do it faster

But: more emphasis on end to end

English language, so we'll have to see...

) Google DeepMind %

An advanced version of Gemini with Deep Think
has officially achieved gold medal-level
performance at the International Mathematical
Olympiad. @

It solved B out of @ exceptionally difficult
problems, involving algebra, combinatorics,
geometry and number theory. Here’s how I

Informal
mathematics mathematics
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Means of

I a b [0 U o) [0 -|t(bd +D,-D,)s(iD,)) [[t(.d+D,-D,)s(i.D,))
mprovement 9 B o —] [y L]
LR il S ) B e [ N [ CECN) :
Y. |—|d+D,-D,) B [d+D,-D,)| J
e e, —a+0) =[O tid+p,-D.)
e Geometry B @ B e oA E istano)
o — ho | gy [0 o] [ : [sGa)y— v, |—]sia)
o AIphaGeometry w— " ey L {0y

o WU)S MethOd [Jsti.a)t(i.D,)~t(j.d +D, D, )s(i.D, )|
o Quantum Techniques

L EX pa n S I O n Of Lea n I I b ra r I eS Name Compute Budget Putnam Fate-H Fate-X Combibench
° Opti mization - Someti mes Ieve ragi ng LL Seed-Prover 1.0 (medium) 18 H20 days / problem 50.4% 35% 9% 39%
. AlphaProof 500 TPU days / problem 56.1% - - -
N ta n d em Hilbert avg pass@1840 70.0%
S d P Aleph Prover avg 1834 tool calls 75.8%
O €e FOVEr Seed-Prover 1.5 10 H20 days / problem 580/87.9%  80% 33% 48%

e Multiple technigues at once
o Lemmanade

Table 2 Performance comparison of Seed-Prover 1.5 against other methods.



https://www.semanticscholar.org/reader/a76bc48006448ed6b8a32397b4748f60fdcd0921
https://www.semanticscholar.org/reader/0418c85cd2c3f5ed8d3c5e111b151b20f659b416
https://www.semanticscholar.org/reader/044845081231b6efb18351dbd14085d97edbb9b9
https://www.semanticscholar.org/reader/5428fbf3c11442c44da96964049ba580e5ab4d0f
https://www.semanticscholar.org/paper/Lemmanaid%3A-Neuro-Symbolic-Lemma-Conjecturing-Alhessi-Einarsd'ottir/498079c9288e4b47a3c1056a82bb546113459b70?utm_source=direct_link

Future Speculation
- The Bad News

But IMO problems are different
from cutting edge research

Can'’t create “new rules”

But could still be useful for Lemnmas

https://www.nature.com/articles/d41586-025-03585-5
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https://philsci-archive.pitt.edu/28024/1/Scientific_Invention_Position_Paper%20(17).pdf

Future Speculation
- The Better News

The TTRL system customizes the algorithm
to individual problems

Using Lean allows for direct checking

Interesting that it brings up Al generated
results that can be self verifiable, since
they’re in Lean, which makes hallucinations
harder

Is Al better suited to specific roles rather
than general ones?

Does this make expert based systems more
relevant again?
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Thanks!
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